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* |Introduction to Control Systems

e State-space Models
— State-space models are very useful in Control
Theory and Design

* Python Examples
— SciPy (SciPy.signal)
— The Python Control Systems Library

It is recommended that you know about Vectors, Matrices and Linear Algebra. If not, take a closer look at my Tutorial
“Linear Algebra with Python”. You should also know about differential equations, see “Differential Equations in Python“




Control System

Noise/Disturbance

Reference 17
Value
r
>Q Controller Actuators Process
- Control Process
Signal Output

[ Filtering ]4—{ Sensors }

The different blocks in the Control System can be, e.g., described as a Transfer Function or a State Space Model




Control System

r — Reference Value, SP (Set-point), SV (Set Value)

y —Measurement Value (MV), Process Value (PV)

e — Error between the reference value and the
measurement value (e = r - vy)

v — Disturbance, makes it more complicated to control
the process

u - Control Signal from the Controller



https://www.halvorsen.blog c

State Space Models

Hans-Petter Halvorsen



State-space Models

A general State-space Model is given by: System
. Input
x =Ax + Bu u
y=Cx+ Du
d .
Note that x is the same as d_): A, B, C and D are matrices

X, X, U,y are vectors

A state-space model is a structured form or representation of a set of differential equations.
State-space models are very useful in Control theory and design. The differential equations
are converted in matrices and vectors.



State-space Models

Assume we have the following linear equations:

.7.6'1 == a11x1 + a21x2 + + anlxn + b11u1 + b21u2 + + bnlun

5Cn == almxl + amez + -+ anmxn + blmul + meuZ + -4 bnlun

We can set the system on matrix/vector form:

X1

. i1 0 Qi |, b14
xz — E o.. E 2 + :

-. A1m Anm . b
_xn_ xn im
(V1] [ X1 ]

€11 " COm dy1

Y2 _ : . : X2 + .

' Cim " Cnm . dy
_yTl_ _xn_ m




State-space Models

_.X.'l- _xl- _ul-
) i1t Qnq x bi1 - by u
xz — : ., : 2 + : ., : 2
: A1m Anm . b -« b '
xn _xn 1im nm _un_
(V1] [ X1 ] (U1 ]

y C11  Cna X d11 dnl U
21 | : : 2l 4| : . . 2
° C cee C : cee )
| Vn tm nm [ Xn ] dlm dnm | U |

This gives the following compact form of a general linear State-space model:

Ax + Bu
CX + Du Where A, B, C and D are matrices

X
Y



Example

Given the following System:

xl — xZ
X'z — —X9 + U
Yy = X1
This gives the following State-space Model:
561 . O 1 xl O
T A R I 54 B PO | M R M
_ — X
c=[1 0] D = [0] y = [1 ()] [x;



Example

Given the following System: We can reformulate:

X1 = Xy X1 = X3

2%, = —2x; —6x, +4u; +8u, =) Xy = —x1 —3x; +2u; +4u,
y = 5x; +6x, +7u4 y = 5x; +6x, +7u4

4

This gives the following State-space Model:

A = 0 1 B — 0 0 , _ _
R < B N
SUCE MK v=ts A+ ol




Given the following System:
X1 = 2x1 + 3x3+7u4
X, = 4x1 + 5u,

X3 = 8x3

y1 = 6x3

Yo = 3x1 + 3x3 + 7u4

Example

This gives the following State-space Model:
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Python Examples

e SciPy (SciPy.signal)

— Included with Anaconda Distribution

— Limited Functions and Features for Control Systems
* Python Control Systems Library

— | will refer to it as the “Control” Library

— Very similar features as the MATLAB Control System
Toolbox

— You need to install it (“pip install control”)

—> You can create, manipulate and simulate State Space Models with both these Python Libraries
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SciPy.signal

The SciPy.signal contains Signal Processing functions
SciPy is also included with the Anaconda distribution

If you have installed Python using the Anaconda
distribution, you don’t need to install anything
https://docs.scipy.org/doc/scipy/reference/signal.html

Continuous-time linear systems

Tk ) Continuous-time linear time invariant system base class.

StateSpace(*system, **kwargs) Linear Time Invariant system in state-space form.
rgiear Time Invariant system class in transfer function form.
ZerosPolesGain(*system, **kwargs)inear Time Invariant system class in zeros, poles, gain form.

Isim(system, U, T[, X0, interp]) Simulate output of a continuous-time linear system.

Isim2(system[, U, T, X0]) Simulate output of a continuous-time linear system, by using the ODE solver
scipy.integrate.odeint.

impulse(system[, X0, T, N]) Impulse response of continuous-time system.

impulse2(system[, X0, T, N]) Impulse response of a single-input, continuous-time linear system.

step(system[, X0, T, N]) Step response of continuous-time system.

step2(system[, X0, T, N]) Step response of continuous-time system.

freqresp(system[, w, n]) Calculate the frequency response of a continuous-time system.

bode(system[, w, n]) Calculate Bode magnitude and phase data of a continuous-time system.


https://docs.scipy.org/doc/scipy/reference/signal.html

Python Example

State-space Model: Python Code:

[;Cj _ [8 _11] [;C;] N [(1)] . import scipy.signal as signal

A= [[0, 1],

X1 0, -1
y=[1 0][x2] [0, -11]
B = [[0],
[1]]
C = [[1, 0]]
D=0

sys = signal.StateSpace(A, B, C, D)



Xa-
y=15 6l|,.

X1 2 0 3

X =14 0 0

X3 0 0 8

3’1]=[0 0

Y2 3 0

+[7 0] [:2

x1

x3

Python Example

SN

2 4

7 0
0 5
0 0

_ul
]izl

1]

ol ]

import scipy.signal as signal

A=1[[0, 1], [-1, -3]]
B=1[[0, 0], [2, 4]]
C = [[5, 6]1]

D= [[7, 0]]

sys = signal.StateSpace(A, B, C, D)

import scipy.signal as signal

OQwp

sys = signal.StateSpace(A, B, C, D)



Step Response

We have the differential equations:

1
3%1 = 7;(}—ﬂx1_-k }(11)
J&Z = ()
The State-space Model becomes:
: 1
X1l _[-= 0|[*
[552] | T l’Cz]-l_ T
0 0

y=1[1 0] [iﬂ

Here we use the following function:
t, v = sig.step(sys, x0, t)

import scipy.signal as sig
import matplotlib.pyplot as plt
import numpy as np

#Simulation Parameters

x0 = [0,0]
start = 0
stop = 30
step = 1

t = np.arange(start,stop,step)

K =3
T = 4
# State-space Model
A = [[—l/T, 01,
[0, 0]]
B = [[K/T],
[0]1]
cC=1[[1, 0]]
D=0

sys = sig.StateSpace(A, B, C, D)

# Step Response
t, y = sig.step(sys, x0, t)

# Plotting

plt.plot(t, y)
plt.title("Step Response")
plt.xlabel("t")
plt.ylabel("y")

plt.grid()

plt.show()
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import scipy.signal as sig
import matplotlib.pyplot as plt
import numpy as np

start = 0
stop = 30
step = 1
t = np.arange(start,stop,step)

We have the differential equations: R

u = np.ones(N)

=

3
4

=]

1
X, = ?(—xl + Ku)
# State-space Model

0 A = [[-1/T, 0],
O [0, 011

=
N
Il

B = [[K/T],
The State-space Model becomes: o

D=0

: 1 K
xl —_ 0 lxl + - sys = sig.StateSpace(A, B, C, D)
xz T u # Step Response

t, y, x = sig.lsim(sys, u, t)

() () # Plotting

plt.figure(l)

plt.plot(t, y)

plt.title("Step Response")
xl plt.xlabel("t")

y — [1 0] l plt.ylabel("y")
1t.grid
X, Sy

# Alternatively you can plot one or more of the x variables
x1l = x[:, 0]
. . . x2 = x[:, 1]
Here we use the following function: ,
plt.figure(2)
plt.plot(t, x1, t, x2)

t, ¥y, x = sig.lsim(sys, u, t, x0) B ey g peswenee
plt.ylabel("x1 and x2")

plt.grid()
plt.show()



Plotting y
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Python Control Systems Library

* The Python Control Systems Library (control) is a
Python package that implements basic operations
for analysis and design of feedback control systems.

e Existing MATLAB user? The functions and the
features are very similar to the MATLAB Control
Systems Toolbox.

* Python Control Systems Library Homepage:
https://pypi.org/project/control

* Python Control Systems Library Documentation:
https://python-control.readthedocs.io



https://pypi.org/project/control
https://python-control.readthedocs.io/

Installation

The Python Control Systems Library
package may be installed using pip: B¢

control 0.8.3 : S —

pip install control

pip install control & Released: Jan 4,2020

* PIP is a Package Manager for Python
packages/modules. " et descio
Navigation roject description

* You find more information here:
httr)s://r)vr)l'()rg E Python Control Systems Library

“" “" . )
d S h f t & Download files
e a rC O r C O n ro ° The Python Control Systems Library is a Python module that implements basic operations for analysis and design of

* The Python Package Index (PyPI) is a o
repository of Python packages where # tomens

o Block diagram algebra: serial, parallel, and feedback interconnections

you use PIP in order to install them

* Frequency response: Bode and Nyquist plots

bl pasing

View statistics for this project via
Libraries.io &, or by using our public
dataset on Google BigQuery & o Control design: eigenvalue placement, linear quadratic regulator

o Estimator design: linear quadratic estimator (Kalman filter)

« Control analysis: stability, reachability, observability, stability margins


https://pypi.org/

Anaconda Prompt

If you have installed Python with Anaconda Distribution, use the Anaconda Prompt in order
to install it (just search for it using the Search field in Windows).

B Anaconda Prompt - O X

(base) C:\Users\hansha>

pip install control

pip list




Command Prompt - PIP

Command Prompt

Microsoft Windows [Version 10.0.18363.1049]
((c) 2019 Microsoft Corporation. All rights reserved.

:C :\Users\hansha>cd AppData\Local\Programs\Python\Python37-32\Scripts

C:\Users\hansha\AppData\Local\Programs\Python\Python37-32\Scripts>pip --version
pip 10.0.1 from c:\users\hansha\appdata\local\programs\python\python37-32\1ib\site-packages\pip (python 3.7)

C:\Users\hansha\AppData\Local\Programs\Python\Python37-32\Scripts>pip install camelcase

ed.

Python37-32\Scripts

hon37-32\Scripts>pip --version
erams\python\python37-32\1ib\site-packages\pip (python 3.7)

ey e ey ey o 0N 37-32\Scripts>pip install camelcase
Collecting camelcase
Downloading https://files.pythonhosted.org/packages/24/54/6bc20bf371c1c78193e2e4179097a7b779e561420d0dad1222a3

b7d87890/camelcase-0.2.tar.gz

C:\Users\hansha\AppData\Local\Programs\Python\Pythd

or “Python37_64“ for Python 64bits



Python Control Systems Library - Functions

Functions for Model Creation and Manipulation:

* tf ()- Create a transfer function system

* ss()- Create a state space system

* c2d()- Return a discrete-time system

 tf2ss()- Transform a transfer function to a state space system
 ss2tf ()-Transform a state space system to a transfer function

Functions for Model Simulations:

* step response( )- Step response of a linear system (e.g., a State-
space Model)

 1lsim()-Simulate the output of a linear system (e.g., a State-space
Model)



Python Example

import control
= l _1] R CR

[ 1] [0, -1]]
X2

B = [[0],
[1]]

C=1[1, 0]]
D=0

sys = control.ss(A, B, C, D)



Step Response |

import matplotlib.pyplot as plt

Here we use the following function:

O Qw P 3%k

T,yout = step response(sys, T, XO0)

Define State-space Model

[[OI 1]! [_11 _3]]
(11, [01]

[[5, 611

([1]]

ssmodel = control.ss(A, B, C, D)

State-space Model: # Step response for the system
t, vy = control.step_response(ssmodel)

I R e 1

plt.
plt.

y=1I[5 6] [2] + [1]u pic.

plot(t, y)

title("Step Response")
xlabel("t")
ylabel("y")

grid()

show ()

This function uses the forced response () function with the input set to a unit step



Step ReSpOnse Code Not Working!!!!!

import matplotlib.pyplot as plt

State-space Model: import control
# Define State-space Model

[J’Cll [ 0 1 ] 'xll n [() 0 'u1] A= ([[0, 1], [-1, -3]]
Sl = B = [[0, 0], [2, 4

it l-1 =3llxal T2 4llw, e iis e ot

] ] D= [[7, 0]]
X1 Uq
Y= [5 6] [Xz_ t [7 O] [uz_ ssmodel = control.ss(A, B, C, D)

print (ssmodel)

t, ¥y = control.step response(ssmodel)

plt.plot(t, Y)

Note! This is a MISO system (Multiple Input/Single A similar code will work with MATLAB,
Output). So, the Solution is to split it into 2 systems, and we will get 2 plots, but the Python
one for u; and one for u,. Se next slides. Control package does not support that




Step Responsel (u4)

State-space Model:

lij - [_01 _13] Bccﬂ + [g] e

import matplotlib.pyplot as plt
import control

# Define State-space Model
A=1[[0, 1], [-1, -3]]
X1 B =1[[0], [2]]
y=1[5 6]lxl+[7]u1 C =[5, 6]]
2 D = [7]

ssmodel = control.ss(A, B, C, D)

We can also plot both x; and x,: print (ssmodel)
t, ¥y = control.step response(ssmodel)
x]1 = x[o ,:] plt.plot(t, Y)
x2 = x[1 ,:]

plt.plot(t, x1, t, x2)



Step Response2 (u,)

State-space Model:
import matplotlib.pyplot as plt

import control

[?1]::[ 0 1 ][§1]4—lolu2 # Define State-space Model
X2l =1 =312l 14 A= [[0, 11, [-1, -3]]
X1 B = [[0], [4]]
y=1[5 6l|.|+I0lu C = [[5, 6]]
2 D = [0]

ssmodel = control.ss(A, B, C, D)

We can also plot both x; and x,: print (ssmodel)
t, ¥y = control.step response(ssmodel)
x]1 = x[o ,:] plt.plot(t, Y)
x2 = x[1 ,:]

plt.plot(t, x1, t, x2)
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SciPy.signal

https://docs.scipy.org/doc/scipy/reference/signal.html

LTI representations
tf2zpk(b, a)

tf2sos(b, a[, pairing])

tf2ss(num, den) ]

zpk2tf(z, p, k)
zpk2sos(z, p, k[, pairing))
zpk2ss(z, p, k)

ss2tf(A, B, C, D[, input]) |

ss2zpk(A, B, C, D[, input])

sos2zpk(sos)

sos2tf(sos)

cont2discrete(system, dt[, method, alpha])

Return zero, pole, gain (z, p, k) representation from a numerator, denominator rep-
resentation of a linear filter.

Return second-order sections from transfer function representation
Transfer function to state-space representation.

Return polynomial transfer function representation from zeros and poles
Return second-order sections from zeros, poles, and gain of a system
Zero-pole-gain representation to state-space representation

State-space to transfer function.

State-space representation to zero-pole-gain representation.

Return zeros, poles, and gain of a series of second-order sections

Return a single transfer function from a series of second-order sections
Transform a continuous to a discrete state-space system.

place_poles(A, B, poles[, method, rtol, maxitelJpmpute K such that eigenvalues (A - dot(B, K))=poles.


https://docs.scipy.org/doc/scipy/reference/signal.html

Transfer Functions

A general Transfer function is on the form:

_ ()
H(s) 205)

Where y is the output and u is the input and s is the Laplace operator

y(s)

u(s)

It is recommended that you know about Transfer Functions. If not, take a closer look at
my Tutorial “Transfer Functions with Python”




SISO/MIMO Systems

We have 4 different Types of Systems:

* SISO - Single Input/Single Output

* MISO — Multiple Input/Single Output

* SIMO - Single Input/Multiple Output
 MIMO — Multiple Input/Multiple Output



import scipy.signal as signal

SCIPy Library S I S O import matplotlib.pyplot as plt
SISO System

#
Single Input/Single Output | % Define State-space todel

= [[0, 17,
State-space Model: [-1, -3]1]
. B=1[[11,
X1 . 0 1 X1 1 [0]]
L’czl . [—1 —3] [x2]+[o]” .
C=1[[1, 0]]
X
y=I[1 0[] +[2k > = 1121}

# Find Transfer Function from u to y
num, den = signal.ss2tf(A, B, C, D)

H = signal.TransferFunction(num, den)
print (H)

# Step response for the system
t, vy = signal.step(H)

plt.plot(t, y)
plt.title("Step Response H")

y(s) plt.xlabel("t")
H(S) = — plt.ylabel("y")
ll(S) plt.grid()

plt.show()



import control

[ Control Library } S I SO import matplotlib.pyplot as plt
SISO System

#
. . # Define State-space Model
Single Input/Single Output | ; ="/, 17

State-space Model: [-1, -3]1]
. B=1[[11,
X1| _ 0 1 X1 1 [0]]
L’czl . [—1 —3] [xz] + [o]” .
C=1[[1, 0]]
X
y=I[1 0[] +[2k > = 1121}

ssmodel = control.ss(A, B, C, D)

H = control.ss2tf (ssmodel)
print (H)

# Step response for the system
t, vy = control.step_response (H)

plt.plot(t, y)

y(s) pit.titie](-"ﬁt?p Response H")
H(s) =—= plt.xlabel("t")
u(s) plt.ylabel("y")
plt.grid()

plt.show()



SciPy Library

State-space Model:

| e s Y o

MISO

Multiple Input/Single Output

|

y-tn ol

H,(s) =

y(s)

u(s)

import scipy.signal as signal
import matplotlib.pyplot as plt

# MISO System

# Define State-space Model
A =1[[0, 1],

[-1, =311

w
I

[ro, o1,
[2, 41]

Q
I

[r1, 011

D= [[0, 0]]

# Find Transfer Function from ul to y
num, den = signal.ss2tf(A, B, C, D, 0)
Hl = signal.TransferFunction(num, den)
print (H1)

# Find Transfer Function from u2 to y
num, den = signal.ss2tf(A, B, C, D, 1)
H2 = signal.TransferFunction(num, den)
print (H2)

# Step response for the system
t, y = signal.step(H1)
plt.plot(t, y)

t, y = signal.step(H2)
plt.plot(t, y)

plt.title("Step Response")
plt.xlabel("t")
plt.ylabel("y")
plt.legend(["H1", "H2"])
plt.grid()



import control
import matplotlib.pyplot as plt

# MISO System
# Define State-space Model

[ Control Library }
MISO o o

Multiple Input/Single Output | * = 'i%1. "2,
State-space Model: B - ([0, 01,
[2, 411

HRER R

D=0

xl ssmodel = control.ss(A, B, C, D)
y [1 O] [xz] H = control.ss2tf (ssmodel)
print (H)
H1 = H[O0,0]
print (H1)
H2 = H[0,1]
print (H2)

# Step response for the system
t, y = control.step response(Hl)
plt.plot(t, y)

t, y = control.step response(H2)
plt.plot(t, y)

B y(s) B y(s) plt.title("Step Response”)
W) =25 H®) =1 et
1 2 plt.legend(["H1", "H2"])
plt.grid()

plt.show()



SciPy Library SI M O

Single Input/Multiple Output
State-space Model:

S I | S R

o 1

_ )’1] 1 07 [xl]

y_)’Z X2

y1(s) y(s)

Hi(s) = u(s) H,(s) = u(s)

import scipy.signal as signal
import matplotlib.pyplot as plt

# SIMO System
# Define State-space Model
A =1[[0, 17,

[-1, -311

w
I

[roi,
[211]

Q
I

[r1, 01,
[0, 171

o
I

[[01]

# Find Transfer Function from u to yl
Cc=1[[1, 01]

num, den = signal.ss2tf(A, B, C, D)

H1 = signal.TransferFunction(num, den)
print(H1)

# Find Transfer Function from u to y2
C = [[0, 111

num, den = signal.ss2tf(A, B, C, D)

H2 = signal.TransferFunction(num, den)
print (H2)

# Step response for the system
t, y = signal.step(H1)
plt.plot(t, y)

t, y = signal.step(H2)
plt.plot(t, y)

plt.title("Step Response")
plt.xlabel("t")
plt.ylabel("y")
plt.legend(["H1", "H2"])
plt.grid()

plt.show()



[ Control Library } SI M O

State-space Model:

-1
Xy -1
_ V1

Y Y2

Hi(s) =

o 1

Z10)
u(s)

H,(s) =

Single Input/Multiple Output

|+ []

.

u(s)

y2(s)

import control
import matplotlib.pyplot as plt

# SIMO System
# Define State-space Model

A =

D =

[ro, 11,
[-1, =311

[roi,
[211]

[r1, 01,
[0, 171

0

ssmodel = control.ss(A, B, C, D)

H = control.ss2tf(ssmodel)
print(H)

H1 = H[O0,0]

print(H1)

H2 = H[1,0]

print (H2)

# Step response for the system

t,

yl
y2

y

plt.
plt.

plt.
plt.
plt.
plt.
plt.
plt.

= control.step response(H)
y[o, :]
yil, :1]

plot(t, yl)
plot(t, y2)

title("Step Response")
xlabel ("t")
ylabel("y")
legend(["H1", "H2"])
grid()

show ()



SciPy Library

State-space Model:
l;cﬂ - [_01 _13] [2] +

y=Ll=lo all]

MIMO

Multiple Input/Multiple Output

import scipy.signal as signal
import matplotlib.pyplot as plt

# SIMO System
# Define State-space Model

A = [[0, 1],
[-1, -311

B = [[0, O],
[2, 411

D = [[0, 0]]

c = [[1, 0]]

# Find Transfer Function from ul to yl
num, den = signal.ss2tf(A, B, C, D, 0)
H1 = signal.TransferFunction(num, den)
print(H1)

# Find Transfer Function from u2 to yl
num, den = signal.ss2tf(A, B, C, D, 1)
H2 = signal.TransferFunction(num, den)
print(H2)

Cc = 1[[0, 1]]

# Find Transfer Function from ul to y2
num, den = signal.ss2tf(A, B, C, D, 0)
H3 = signal.TransferFunction(num, den)
print(H3)

# Find Transfer Function from ul to y2
num, den = signal.ss2tf(A, B, C, D, 1)
H4 = signal.TransferFunction(num, den)
print(H4)

# Step response for the system
t, y = signal.step(H1)
plt.plot(t, y)

t, y = signal.step(H2)
plt.plot(t, y)

t, y = signal.step(H3)
plt.plot(t, y)

t, y = signal.step(H4)
plt.plot(t, y)

plt.title("Step Response")
plt.xlabel("t")

plt.ylabel("y")

plt.legend(["H1", "H2", "H3", "H4"])
plt.grid()

plt.show()



import control
import matplotlib.pyplot as plt

[ Control Library ] #
IVI I IVI O # gzﬁgn:y::::le—space Model

A =[[0, 1],

[-1, =311
Multiple Input/Multiple Output ..., ,
State-space Model: P put/ F ¥ (2, a0y’

- [ri, o1,
] I I | 5 R P | S

[0, 111
H = control.ss2tf(ssmodel)

— - H1 = H[0,0]
yZ 0 1 xZ print(H1)

H2 = H[O0,1]
print (H2)

H3 = H[1,0]
print (H3)

H4 = H[1,1]
print (H4)

Q
]

w)

=0

# Step response for the system
t, y = control.step_response(H1)
plt.plot(t, y)

t, y = control.step_response(H2)
plt.plot(t, y)

t, y = control.step_response(H3)
plt.plot(t, y)

t, y = control.step_response(H4)
plt.plot(t, y)

plt.title("Step Response H")
plt.xlabel("t")

plt.ylabel("y")

plt.legend(["H1", "H2", "H3", "H4"])
plt.grid()

plt.show()
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Discretization Methods

We have many different Discretization Methods

e Euler
We will focus on this
—Euler forward method since it it easy to use

and implement

—Euler backward method
e Zero Order Hold (ZOH)

 Tustin

Py It is recommended that you know about Discrete Systems. If not,
°ee take a closer look at my Tutorial “Discrete Systems with Python”




Discretization Methods

Euler forward method:

o x(k+1) —x(k)
X ~ T

Where T is the sampling time, and x(k + 1), x(k) and x(k — 1) are discrete values of x(t)



Discretization Example

Differential Equation (1.order system):

Ll e I B

x—?(—x+ u) or.  X=-—x+_u
We use Euler forward method: Further:

1 K
et D = x() xe+ 1) = x(0) + T, (= x(0) + u(®)
X =~
T And:
T, T,K
Then we get: x(k+1) =x(k) — T x(k) + Tu(k)

x(k+1) —x(k) 1 K Finally:

= —= x(k) + zu(k)
r r x(k+1) = (1 —%) x(k) + gu(k)

TS



Discrete State-space Models

Given a Continuous State-space Model:
x = Ax + Bu

y =Cx+ Du

The Discrete State-space Model is then given by:

xk+1 = (1 -+ TSA)xk -+ TSBuk
Vi = Cx; + Duy,

T, is the discrete Sampling Time

This equation is derived using the Euler forward Xi+1 = Agxy + Bauy
method on a general state-space model. Vi = Caxyp + Dguy,



SciPy.signal

https://docs.scipy.org/doc/scipy/reference/signal.html

Discrete-time linear systems

dliti(*system, **kwargs) Discrete-time linear time invariant system base class.
StateSpace(*system, **kwargs) Linear Time Invariant system in state-space form.
TransferFunction(*system, **kwarggs)ear Time Invariant system class in transfer function form.
ZerosPolesGain(*system, **kwargd)inear Time Invariant system class in zeros, poles, gain form.

disim(system, ul, t, x0]) Simulate output of a discrete-time linear system.
dimpulse(system[, x0, t, n]) Impulse response of discrete-time system.
dstep(system[, x0, t, n)) Step response of discrete-time system.

dfreqresp(system[, w, n, whole])  Calculate the frequency response of a discrete-time system.
dbode(system[, w, n]) Calculate Bode magnitude and phase data of a discrete-time system.


https://docs.scipy.org/doc/scipy/reference/signal.html

Discrete State-space Models

Given the following:

, , , The State-space Model becomes:
We have the differential equations:

.?.Cl —— 0 X1 _
1 = +|TlU
561 —_ (_xl ~+ Ku) LCZ] 0 2 0
. T X1
Xy, =0 y=[1 0] [le

What is the discrete State-space Model?




Discrete State-space Models

We have the differential equations:

T, T.K
x1(k+1)= (1 — ?) xq1 (k) + Tu(k)

1
X1 = T(_Xl + Ku) x,(k+1) = x,(k)

XZ = O
We use Euler forward method: This gives the following Discrete State-space model:
x(k+1)—x(k
Sl Rl x1<k+1>] (1-5) [x1<k> 4 o
S xz (k + 1) X2 (k)
x,(k+1) —x,(k)
Tn y(k)=1[1 0] [xl(k)]
> x5 (k)

xz(k +1) = x,(k)



Discrete State-space Models

Discrete State-space model:

T.K

T,
o] (G VA [T
v =1 ol[2)
WesetK =3, T =4
T; = 0.1 [;cﬁ j: B _ lo.%75 (1)] [283] 4 lo.%75] (k)
v =11 ol



Python Example

import scipy.signal as sig

3
4

# State-space Model
A=([[-1/T, O],

[0, 0]]
B = [[K/TI,
[01]
C =111, 0]]
D=0

sys = sig.StateSpace(A, B, C, D)
print(sys)

sys_d = sys.to_discrete(dt=0.1], method='euler')

print(sys_d)

StateSpaceContinuous (
array([[-0.25, O. 1,

[ 0. , 0. 11),
array([[0.75],

[0. 11),
array([[1, 011),
array([[011),
dt: None

)

/rStateSpaceDiscrete( ‘\

\‘dt: 0.1 4/

array([[0.975, O. 1,
(0. , 1. 1), | We see that we

array([[0.075],
. N, get the correct

array([[l., 0.11), answer
array([[0.]11),

)



import numpy as np

K =3
Implement Discretization from scratch T=4
# State-space Model
A = np.array([[-1/T, 0], [0, 0]])
B = np.array([[K/T], [0]])
xk+1 _— (I + TSA)xk + TSBuk g z I(;p.array([[l, 011)
sys = sig.StateSpace(A, B, C, D)

Vi = Cxp + Duy,
sys_d = sys.to_discrete(dt=0.1, method='euler')
print(sys_d)

I = np.eye(len(A[0]))

Ag; = (U +T;A) Ts = 0.1
Ad = I + Ts * A
Bd _ TSB print (Ad)

Bd = Ts * B
print (Bd)

sys_d2 = sig.StateSpace(Ad, Bd, C, D, dt=Ts)
print(sys_d)



import numpy as np
import scipy.signal as sig

Python Example ......

I = np.eye(len(A[0]))

Implement self-made c2d() function

Ts = 0.1
Ad = I + Ts * A
Bd = Ts * B

Xk+1 = (I + TSA)xk + TSBuk return Ad, Bd
Vi = ka + Duk

K =3
T =4
# State-space Model
A = np.array([[-1/T, 0], [0, O]])
B = np.array([[K/T], [0]1])
Ad = (1 + TSA) C = np.array([[1, 0]1)
D=0

s
Y
I

Yl;l? Ts = 0.1

Ad, Bd = c2d(A, B, Ts)

sys_d = sig.StateSpace(Ad, Bd, C, D, dt=Ts)
print(sys_d)
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Mass-Spring-Damper System

The "Mass-Spring-Damper” System is
typical system used to demonstrate and
illustrate Modelling and Simulation
Applications




Mass-Spring-Damper System
Given a so-called "Mass-Spring-Damper" system Newtons 2.law: Y, F = ma
The system can be described by the following equation:

F(t) —cx(t) — kx(t) = mi(t)

Where t is the time, F(t) is an external force applied to the system, c is the
damping constant, k is the stiffness of the spring, m is a mass.

x(t) is the position of the object (m)

x(t) is the first derivative of the position, which equals the velocity/speed
of the object (m)

X (t) is the second derivative of the position, which equals the acceleration
of the object (m)




Mass-Spring-Damper System

F(t) —cx(t) — kx(t) = mi(t)
Higher order differential equations can typically
be reformulated into a system of first order

mix =F —cx — kx . , _
differential equations

1
¥ =—(F —cx — kx)
m

This gives: x1= Position
We set Lo x,= Velocity/Speed
X = Xq X1 = X2
X=X, 5c2=5c'=i(F—ca’c—kx)=i(F—cx2—kxl)
Finally:

1 X1 = X2
X:a(F—cfc—kx) #

.X'Z = %(F — CXy — kxl)




State-space Model

. x = Ax + Bu
X1 = X
: 1 : 0 1 0
X, =—(F —cx, — kx X
2 m( 2 1) [x1]= k C [1]+ 1 F
X9 —— ——| X2 —
. m m
X1 = Xy
Xy = ——x; ——xy+—F
27 mTl o omte
x = Ax + Bu
0 1 0 X4
j— o 1 j—
a=lk el mefi]aef L,
m m m




Python Code

State-space Model

X(t)

[ 0 I 0

Simulation of Mass-Spring-Damper System

50

60

import numpy as np
import matplotlib.pyplot as plt
import scipy.signal as sig

# Parameters defining the system
c = 4 # Damping constant

k = 2 # Stiffness of the spring
m = 20 # Mass

F = 5 # Force

F

t = np.ones(610)*F

# Simulation Parameters

tstart = 0

tstop = 60

increment = 0.1

t = np.arange(tstart,tstop+l,increment)

System matrices

= [[0, 1], [-k/m, -c/m]]

[[0], [1/m]]

[[1, 011

sys = sig.StateSpace(A, B, C, 0)

Q WP 3%

# Step response for the system
t, vy, x = sig.lsim(sys, Ft, t)
xl = x[:,0]
x2 x[:,1]

plt.plot(t, x1, t, x2)
#plt.plot(t, y)

plt.title('Simulation of Mass-Spring-Damper System')

plt.xlabel('t")
plt.ylabel('x(t)"')
plt.grid()
plt.show()



Python Control Systems Library - Functions

Functions for Model Creation and Manipulation:
* tf ()- Create a transfer function system

* ss()- Create a state space system

* c2d()- Return a discrete-time system

 tf2ss()- Transform a transfer function to a state space system
 ss2tf ()-Transform a state space system to a transfer function

Functions for Model Simulations:

* step response( )- Step response of a linear system
* forced response()

* 1lsim( )- Simulate the output of a linear system



import numpy as np

import matplotlib.pyplot as plt
ython Code ===

# Parameters defining the system
StatE'Space MOdeI c = 4 # Damping constant
k = 2 # Sstiffness of the spring
. 0 1 0 m = 20 # Mass
[x1] _ [ k c lxl] + 1 F F = 5 # Force
xz o o Xz . # Simulation Parameters
m m m tstart = 0
'xl tstop = 60
y = [1 0] l ] increment = 0.1
'XZ t = np.arange(tstart,tstop+l,increment)

Simulation of Mass-Spring-Damper System # System matrices
> A= ([0, 1], [-k/m, -c/m]]
3.0 - B [[01, [1/m]]
c =111, 0]]
2.5 D =0

o sys = control.ss(A, B, C, D)

x(t)

1.5 1 # Step response for the system
t, vy, x = control.forced_response(sys, t, F)
plt.plot(t, y)

1.0 4

05 plt.title('Simulation of Mass-Spring-Damper System')
plt.xlabel('t’); plt.ylabel('x(t)"')
0.0 11 ' , ' ' | ' plt.grid()

0 10 20 30 40 50 60 plt . ShOW( )



import numpy as np

import matplotlib.pyplot as plt
Pyt on Code ===

# Parameters defining the system
State-space Model c = 4 # Damping constant
k = 2 # Stiffness of the spring
m = 20 # Mass
X_ 0 1 X O F = 5 # Force
1
1 = k C + 1 F . .
y # Simulation Parameters
xZ _E _E 2 7; tstart = 0
tstop = 60
X increment = 0.1
y — [1 0] l 1] t = np.arange(tstart,tstop+l,increment)
X2
# System matrices
oy Simulation of Mass-Spring-Damper System A= ([[0, 1], [—k/m, —c/m]]
. B = [[0], [1/m]]
3.0 A C=1[[1, 0]]
D=0
2.5 sys = control.ss(A, B, C, D)
2.0 # Step response for the system
= t, y, x = control.forced_response(sys, t, F)
< 1.5 A
x1l = x[0 ,:]
104 x2 = x[1 ,:]
plt.plot(t, x1, t, x2)
0.5 - plt.title('Simulation of Mass-Spring-Damper System')
/ plt.xlabel('t")
0.0 = - I — plt.ylabel('x(t)")
plt.grid()

[¢] 10 20 30 40 50 60 plt-ShOW( )



Discretization

Given:
_ 1 X1 = X2 Then we get:
tp = (F = cx; —kxy) % (k + 1) = x; (k) + Toxy (k)
k c 1
X (k+1)=-Ti—x;(k)+x,(k) —T.—x,(k) + T.—F(k
Ssing Euler 2k +1) = —T, %2, (k) + 3, (k) = Ty £ 0, (k) + Ty = F (k)
X = x(k+ 1)~ x() Finally:
T
x1(k +1) = x1(k) + Tsx, (k)
Then we get: k1) = T % (k {_T° )+ T LF(k
et D-x0)_ o xp(k +1) = —Ty 2, (k) + (1= Ty D)y () + Ty - F (k)
T, — 2
x,(k+1)—x,(k 1
24D =50 _ L ipy — exy () — ks ()]
T m
This gives:

x1(k +1) = x; (k) + Tsx, (k)
2 + 1) = x(8) + Ty [F(R) = ex (k) — hoxy ()



Discrete State-space Model

Discrete System:

1 T,
x1(k + 1) = x1(k) + Tsx2 (k) A = c
k 1
xp(k +1) = =Ty —x (k) + (1 = Ts )xp (k) + Ts— F (k) T 1=Ts—
We can set it on Discrete state space form:
x(k+1)=A4,;x(k) + Byu(k) B— 01
=|r 1
This gives: " m
1 T
x1(k + 1) [ 1(k)] x1 (k)
[ = C F(k) x(k) = [ 1
SRR Bl B A | PO = 0= L0

We can also use control.c2d () function



# Simulation of Mass-Spring-Damper System

import numpy as np
import matplotlib.pyplot as plt
Model Parameters

#
c = 4 # Damping constant
k = 2 # Stiffness of the spring
1 m = 20 # Mass
Discrete System m 20 # Mass

xl (k) + TSxZ (k) ﬁssim;%?tion Parameters

Tstart = 0

x1(k +1)
Kk 1 Tstop = 60
xz (k _I_ 1) —_ _TS ;1 x]_ (k) _I_ (1 —_ TS %)xz (k) _I_ TS % F(k) N = int((Tstop-Tstart)/Ts) # Simulation length

x1 = np.zeros(N+2)
X2 = np.zeros(N+2)

x1[0] = 0 # Initial Position
x2[0] = 0 # Initial Speed
x1= Position all = 1
. al2 = Ts
x,= Velocity/Speed a2l = -(Ts*k)/m
a22 = 1 - (Ts*c)/m
Simulation of Mass-Spring-Damper System b1 0

3.5 B
b2 = Ts/m

3.0 A # Simulation
for k in range(N+1):

>.5 4 x1[k+1] = all * x1[k] + al2 * x2[k] + bl * F

x2[k+1] = a2l * x1[k] + a22 * x2[k] + b2 * F

2.0 q q

# Plot the Simulation Results
= t = np.arange(Tstart,Tstop+2*Ts,Ts)
= 1.5 4

#plt.plot(t, x1, t, x2)

1.0 plt.plot(t,x1)
plt.plot(t,x2)
plt.title('Simulation of Mass-Spring-Damper System')

0.5 4 plt.xlabel('t [s]')
plt.ylabel('x(t)")

0.0 plt.grid()
plt.legend(["x1", "x2"])

T T T T T T T plt.show()



Additional Python Resources

Python .
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